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Abstract. Motivated by the recent developments in digital diffusion networks, this work is de-
voted to the rates of convergence issue for a class of global optimization algorithms. By means of
weak convergence methods, we show that a sequence of suitably scaled estimation errors converges
weakly to a diffusion process (a solution of a stochastic differential equation). The scaling together
with the stationary covariance of the limit diffusion process gives the desired rates of convergence.
Application examples are also provided for some image estimation problems.
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1. Introduction

This work ascertains rates of convergence for a class of global optimization al-
gorithms. The primary motivation of our study stems from applications to image
estimation, namely, segmentation and restoration. Many of the image estimation
problems can be recast to global optimization problems. For such problems, one
often uses a simulated annealing-type algorithm to carry out the computation. Al-
though the simulated annealing prevents the iterates from being trapped at local
minima, straightforward sequential implementations can be too time-consuming
for practical purposes. Recently, based on modifications of the Langevin algorithm
and the Hopfield network, Wong (1991) suggested a diffusion network model.
One of the main ideas in that paper is the use of parallel processors for the de-
sired computation tasks, which allows speedup of the computation for optimization
tasks.

Wong’s approach can be outlined as follows. Let £ : [0,1] — R be an
‘energy’ function defined on the hypercube [0, 1]" = [0, 1] x --- x [0, 1]. Find
the global minimizer of £(-) by use of a neural network. Suppose that for all
t > 0,and foreach o = 1,...,r, v,(¢) € [0, 1] is the state at node « at time
tand v = (v1,...,v,)" € [0, 1] is an r-dimensional column vector (z* denotes
the transpose of z). By injecting noise into a Hopfield network, one obtains the
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dynamics. Fora =1, ..., r, the system for the «th node is described by

Vo (1) = g(uu()),
(1.1)
9 (v(1))
0V,

dug(t) = — dt + g (u(t))dwe (1),

where for @ < r, {w,(-)} are independent, standard and real-valued, Brownian
motions, and a,(-) and g(-) are appropriate functions. By choosing a, (u(t)) =
[(2T) /g (uq ()12, where g’ denotes the derivative of g, v(-) becomes a stationary
Markov process with stationary density

Poo(v) = (1/Z) exp(=(1/T)E(v)),

where Z is a normalizing factor
Z = /exp(—(l/T)E(v))dv so that / Poo(V)dv = 1.

Furthermore, by selecting f(x) = g’(g~*(x)), for each o < r,

€ (@)

I

dt + Tf'(ve(1))dt + /2T f (o (1))dwe (1),
(1.2)

dvg (1) = — f (4 (1))

where T goes to zero sufficiently slowly.

Wong’s diffusion machine is an analog one. One of the important features of
his model is that by proper choice of g(-), v(-) is stationary. Moreover, although
the process is defined on a bounded region, one need not worry about the reflecting
boundaries, and need only consider diffusions instead of reflected diffusions. This
is one of the most remarkable and significant contributions since it reduces much
of the complexity and difficulty in dealing with the boundaries. Although Wong’s
work gives the desired diffusion equations, the rates of convergence were not con-
sidered. Subsequent work in this direction was carried out by Kesidis (1995). It
was noted, however, that an analog implementation of the network does not appear
to be practical for large-scale problems.

Problems arising from image estimation are frequently of large scale. For ex-
ample, since a large number of pixels are involved and since each pixel is effect-
ively represented by a component of a vector, even for a moderate sized segmenta-
tion problem, the dimension of the computation tasks can be very large. Taking
advantages of Wong’s diffusion network and overcoming the difficulties of the
analog implementation, Cai et al. (1995) proposed a digital version of the diffu-
sion network. The basic idea lies in using a stochastic difference equation in lieu
of a continuous-time stochastic differential equation, which yields a discrete-time
stochastic dynamic system. To obtain the asymptotic properties, a crucial step is to
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show that the discrete iterates well approximate Wong’s diffusion machine. Taking
this into consideration, in our recent work Yin et al. (2000), we reveal the rela-
tionship of the discrete recursion and that of the continuous-time diffusion process
by means of weak convergence methods and martingale averaging techniques. We
have shown that by appropriate scaling, a suitably scaled sequence of the discrete
iterates converges to Wong’s analog diffusion machine. Nevertheless, the rates of
convergence for such algorithms have not been considered. In this work, we con-
tinue the study initiated in Yin et al. (2000) by taking up the rates of convergence
issues. Similar to that reference, we first deal with an algorithm defined on the
entire R”. Subsequently, we restrict our attention to the r-dimensional hypercube
[0,1) = [0, 1] x - -- x [0, 1], which results in Wong’s diffusion machine. We also
examine variations of the algorithms including decreasing step size algorithms and
algorithms with noisy measurements. In our numerical experiments, we show that
our proposed numerical algorithms out perform the existing schemes. As shown
in our numerical experiments, our recursive algorithms are more accurate than the
existing procedures such as a maximum likelihood estimator. For example, in the
first example considered in the Section 5 to follow, using maximum likelihood
estimator, the error rate of approximation is 41%, whereas using our algorithm for
image segmentation, the error rate is only 6.49%, a substantial improvement.

The rest of the paper is arranged as follows. Section 2 begins with the formula-
tion of the algorithm. Section 3 proceeds with the rate of convergence analysis of
the digital diffusion network algorithm. Unlike the global optimization algorithms
treated in Yin (1999), the algorithm considered here uses constant step size ¢
and a restarting device. We show that a proper scaling (a continuous-time inter-
polation) of the discrete sequence converges to a diffusion process. The scaling
factor together with the asymptotic covariance gives us the rates of convergence.
Section 4 deals with the corresponding decreasing step-size algorithms, algorithms
with additional contributing noise sources, and algorithms with iterates confined
to [0, 11". To illustrate the performance of the algorithm, Section 5 is devoted to a
number of examples from image estimation. Finally, we close the paper with a few
more remarks in Section 6. In the rest of the paper, for convenience, we use K to
denote a generic positive constant with the convention K + K = K and KK = K.

2. Recursive algorithm

LetE() : R"— R, f() : R~ R,and g(-) : R — R. In what follows, unless
otherwise noted, a Greek letter o or 8 denotes a component (or corresponding to
a processor) and ¢, kK and »n denote the indices of the iterations. Without loss of
generality, we assume that each processor in the diffusion network controls one
component of the underlying vector. The treatment for the case that one processor
controls more than one components is the same. Inspired by the ideas in stochastic
approximation (see, for example, the up-to-date treatment of Kushner and Yin
(1997)) and the simulated annealing algorithm Gelfand and Mitter (1991), we pro-
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posed the following recursive algorithm with a periodic restarting device in Yin et
al. (2000). The idea is to partially reset the step-size sequences once a while, which
allows us to obtain the desired limit continuous-time diffusion easily. Meanwhile, it
is easily implementable and does not add any more complexity in the computation.
In the actual implementation of stochastic approximation algorithms, very often
one wishes to use a constant step size in lieu of a sequence of decreasing step sizes.
Constant step size algorithms have advantages in that, first, they are easily imple-
mentable, and second, such algorithms often provide better tracking properties. For
each « > 0 and for a sequence {w;"} (in either R" or R), @;" = @ ,x. FOra <,
the algorithm for the diffusion network, which periodically (with period n) resets
the step-size sequences, takes the form: For 0 < k < n,

o€ (v
ad

o

Vokt1 = Yok — & f (Ug0) + e f ) + [ f gD Wey, (21)

where ¢ > 0 is a small parameter, Aq > 1, and

al' = e,

b = /2¢/[\/In[ek + Ap)], (2.2)

¢ =¢/In[ek + Agl.

In Yin et al. (2000), we proved the convergence of the algorithm by first obtaining
the weak convergence of an interpolated sequence of the iterates to the stochastic
differential equations

o0&
duy (1) = — f(va(?)) ;z(t))d In(tJrAO)f’(va(t))dt

2f(vy(1)) 2.3)
+\/%dwa(’>, a=1...r

We then used a result of Chiang et al. (1987) and established the desired conver-
gence. Note that in the case of v € [0, 1]", (2.3) is precisely Wong’s diffusion
machine with 7(z) = 1/In(t + Ag). In this work, we continue our investigation
by concentrating on the rates of convergence of the algorithm. In the analysis to
follow, it is often more convenient to work with vector-valued processes. We thus
use the following notation:

Wi = Wi, ..., WD,

F(v) = diag(f (v1), ... , f(v)),
D) = (f' @), -.., f' @)Y,

@ (v) = diag(v/f(v1), ... , vV (W),

£,(v) = VoE ) = <35(”) 35(“)) ,

vy T 9,
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where diag(ds, . .. , d,) denotes a diagonal matrix with diagonal entries d; through
d,. As in Yin et al. (2000), for the analysis to follow, we fix «. Without loss of
generality, take ¢« = 1 henceforth. In view of the vector notation (with ¢ = 1), (2.1)
and (2.3) can be written as

Vipr = Vg — eF(0)E,(vy) + ¢ D(vy) + by @ (v) Wy, (2.4)
and
B 1 2f(v())
dv(t) = —Fw@)VEW(@))dt + mD(v(t))dt + mdw(l},
(2.5)

respectively. The analysis in Yin et al. (2000) lies upon an interpolated process v (-)
defined by v®(¢) = v} fort € [ek, ek + ). We have shown that v®(-) converges
weakly to the solution of (2.5).

REMARK 2.1. In (2.1), the step-size sequence {a} is a constant ¢. In what fol-
lows, for convenience and with a slight abuse of terminology, we refer to this
algorithm as a constant-step-size algorithm. If o} is a decreasing sequence, we refer
to the corresponding algorithm as a decreasing-step-size algorithm. There should
be no confusion from the context.

To proceed, let us make the following assumptions:
(A1) The functions f(-) and g(-) are continuously differentiable, and &,, (the
second partial derivative of the function £(-)) exists and is continuous and
bounded such that
@ Ew) = 0forall v e R", min,E(w) = 0, and the set M = {v €
R"; £,(v) = 0} consists of finitely many isolated points, and there is
a global minimizer v* € R”;

(b) f(z) =0forall z € R,and f(-) is bounded with bounded derivative;

(c) the inverse g~1(-) exists and is continuously differentiable;

d) f(z)=¢' (g )

(e) v®(et,+-) converges weakly to v*, where 7, is a sequence of real numbers
satisfying z. > 0 and ¢f, — oo ase — 0.

(A2) Foreach o < r, {Wy,} is asequence of independent and identically distrib-
uted random variables such that
(@ EW;,=0;

(b) E(W} D> =1,
(c) fora # B, Wy, and Wy, are independent.

(A3) There is a twice continuously differentiable Liapunov function U(-) : R"
R for (2.3) such that
@ U) = 0forall v, U(v) — oo as |v| — o0
(b) U, ()| < KA+UY2(v)), |[Up()] < K, and |E,(v)| < K(1+UY?(v));
(€) Ul ()F )&, (v) > AU (v) forsome x > Oand v & M.
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REMARK 2.2. Aswas mentioned in the Introduction, for more generality, we first
consider the case £(-) being defined on R”. Later £(-) defined on the hypercube
[0, 1]" is treated as a special case. Note also that the condition on {W;'} indic-
ates that the perturbing noise decouples among different processors, a property is
helpful in the analysis and actual computing. Since the noise sequence {W}'} is
added by us, it is at our disposal. Thus, it is more convenient to use a sequence of
uncorrelated random variables.

3. Rates of convergence
3.1. ERROR BOUNDS

The purpose of this section is to establish error bounds of the scaled sequences of
estimation errors. We prove the desired bounds by using a Liapunov function.

THEOREM 3.1. Suppose (A1)-(A3) are satisfied. Then for {v}} defined by (2.1)
and for sufficiently large k,

EU®W) = 0(1), (3.1)
and
In(ek + Ag) EU (v') = O(1). (3.2)

Proof. Although generally v* £ 0, for notational simplicity, we assume that
v* = 0 in the proof of this theorem. We first prove (3.1). Denote the conditional
expectation with respect to the o-algebra generated by {W7: j < k} by Ej. Using
the Liapunov function U (-) and E} W' = 0, we have

EU(vep) = Up)

< sz(vz) <—8F(UZ)5U(UZ) + mD(vZ))

1
+ Ke? (FoH&ED) ( fo Upy (v + s (v, — v,’j))ds) (FHE,p))

KEZDT(UZ) 1 n n n n
[n(ek + Ao fOva<vk+s<vk+1—vk>>ds DY)
Ke

1
+ mtr(/o Uvu(vk + S(Uk_H_ — Uk))dS
< LBV W )20 ). 63

In view of (A2),
E}WW"" = I, (the identity matrix).
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Thus the boundedness of f(-) and U,,(-) implies that

2¢ 1 i ) )
mtr</o Uno (v + (0 — v))ds

<K—°"
In(ek + Ag)
where tr(A) denotes the trace of A. The boundedness of f”(-) yields that
82D7(vll(’l) 1 ) ) ) )
[In(ek + Ag)2 (/0 U (Vg + 5 Wryy = ”k))d5> D(vy)

82

< K— .
[In(gk + Ap)]?
Moreover, we also have

e (FopH& D))" ( /0 Upy (v + 5 (v — v,’j))ds) (F(vZ)SU(vZ))‘

<KL+ UWY)). (3.6)

Combining (3.4)—(3.6), the last three terms in (3.3) are bounded by

2 n 2 82 i
OEHU W)+ 0 (8 + [In(ek + Ag)2 + In(eK —I—Ao))

uqmwy@mwmwg‘ (3.0

(3.5)

1

= 0(EHUW) + 0 ( (3.7)

ek 75)
IneK + Ag) )

If vl & M, U (V) F@p)E(vp) = XU(v}j) by (A3) (c). Consequently, whenever
vy & M, there is some A > 0,

—UZ WD F@EW]) < AU ). (3.8)

It follows from (A1) (a), there is a constant vector € € R” such that if v} € M,
vl + €€ ¢ M. As aresult, by (A3) (c),

— Uy () F(w)E(vy)
= —U; W) F@)E W) Lramy — Uy (W) F () E (Vi) Iy emy
< AU W) Lpgwy — Uy (v + &) F (v + £€)E, (v] + €€) Iyrem
UL (] + S F (] + 60)E, (0] + 68 penn. (3.9)
In addition,
— Uy (vi +e&)F (v + )& (v + &) [ iyrem
< =AU (v + €e) pem

1
ge (/ UUr (v,’f + S8E}ds> I{v,’(’eM}
0
< —AU @) premy + 0(e)(1 + U (vy)), (3.10)

< AU @) ey +
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and for the last term in (3.9),
U (v} + €)F (v} + €&, (vf + £&) [ pem|

1
ge (f U; (v + see)F (v} + e)&, (v} + 8E)ds> Tpem
0

v

<01+ UW)). (3.11)
Thus (3.8), (3.9), (3.10), and (3.11) lead to
=Uy (W) F )& () < =AU (vp) + 0(e)(1 + U (vp))-
Finally,

€
In(ek + Aop)

Using (3.3)—(3.12), we arrive at

U (v A+ U®@)). (3.12)

SK———
In(ek + Ag)

EyU (viyq)

2 € n

<A -2)UW)+0EHUW)+ 0 (7"](8,C n Ao)) A+UWw))
n n —8

< (1—A08)U(vk)+0( )EU(vk)+0<|n(€k+Ao)>,

where 0 < Ao < A. Iterating on the above inequality and taking expectation, we
obtain

&
In(ek + Ao)

EU®v},,) <(1-— kos)kEU(vg)

e(l — ro&)*~ e(1 — hoe)k~/
+K Z I(n(s] —l(—)f)lo) Z I(n(s] —I(—)f)l ) U(v;?).
(3.13)
Denoting
k
W= A=A EUGH + K Y m(l — 208)*,
j=0
the Gronwall inequality then yields
k P '
EU (v, 1) < pyexp (K j;o m(l - )»og)k]) ; (3.14)

and hence (3.1) follows.
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Next, we prove (3.2). In view of (3.14), we have

In(ek + Ag) EU (vi 1)

k
& .
< In(ek + Ao exp | KDY ————— (1 —28)" 7 |
= In(ej + Ao)

As a result, to obtain the desired bound, it suffices to show In(sk + Ag)u; = O(1).
To this end, it suffices to show

In(ek + Ag)(1 — Aoe)*EU (vy) = O(1)

k
In(ek + Ap) Z m(l —%08) = 0. (3.15)
j=0

The first inequality in (3.15) is easily verified by observing the exponential decay
property of (1 — Aoe)*. As for the second one, using a summation by parts,

k

€ ,

In(ek + Aop) E (1 — o)
= In(ej + Ao)

k
= Z e(1 — 108)™ + In(ek + Ag)
i=0

k=1

1 1 / k—i
<2 (In(sj YAy InGEG+1)+ Ao)) 2_el—ho)

=0 i—0
Cone) o

<00+ K _ (1 — xpe) . 3.16
JX_; ey + Agy? 2 ° ot 510

Upon using
] . .
In(1 + x) < x for any real x > 0, and Z(l — 208)F T < (L = age) T,
i=0

(3.16) yields that for some «o with 0 < kg < 1,

k
& .
In(ek + Ag) Z m(l - )\Og)k_]
j=0

e(l — rge)ki

k
<O +Koln(ek + Ag) > , :
= In(ej + Ao)
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which in turn leads to

K e(1 — aoe)k

1-— In(ek + A < 0. 3.17
(1 — ko) In(ek + w; G + 43 D (3.17)

Finally,

In(e(k + 1) + Ao)
In(sk + Ao)

The boundedness of In(e(k + 1) + Ag)/ In(ek + Ap) and (3.17) then yield (3.2). O

In(e(k + 1) + A EU (v},,) = (In(ek + AQ)EU (v}y)) -

3.2. NOTION OF WEAK CONVERGENCE

To obtain further limit results, we use the methods of weak convergence. The notion
of weak convergence of probability measures is a substantial extension of conver-
gence in distribution, and is a powerful machinery for a wide range of applications.
For completeness and reference, we mention some of the basic definitions and
notation for weak convergence. Let X,, and X be R"-valued random variables. We
say that X, converges weakly to X iff for any bounded and continuous function
v (), EY(X,) - Ev(X). Similar to the notion of compactness, we often wish to
say that ‘no probabilities are lost” for a sequence. Such a notion is referred to as
tightness. The sequence {X,} is tight iff for each n > 0, there is a compact set K,
such that P(X, € K,) > 1 — n for all n. The definitions of weak convergence and
tightness extend to random variables in a metric space. On a complete separable
metric space, tightness is equivalent to relative compactness. This is known as
Prohorov’s Theorem. By using this theorem, we are able to extract convergent
subsequences once tightness is verified. In the weak convergence analysis, it is
more convenient to work with D"[0, co), the space of functions that are right con-
tinuous, have left limits, endowed with the Skorohod topology (Ethier and Kurtz,
1986, Kushner and Yin, 1997). Moreover, for convenience, we often use a device
known as Skorohod representation. Suppose that X,, converges weakly to X. Then
enlarging the probability space if necessary, the Skorohod representation allows
us to find X, and X such that they have the same distribution as that of X, and
X, respectively, and that X, — X w.p.1. In what follows, when we use such a
device, without loss of generality and for notational simplicity, we will not use the
tilde symbol. The application of weak convergence methods usually requires first
tightness be proved and then the limit process be characterized.
Define

= /In(ek + Ag)[v} — v*]. (3.18)

The proof presented in Section 3.1 leads to:
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COROLLARY 3.2. Assume the conditions of Theorem 3.1. If the Liapunov func-
tion U (+) islocally (near v*) quadratic, then there is a sequence of real numbers,
{M,}, satisfying M, > t. such that {(v} — v*), kK > M.} istight or bounded in
probability. That isfor any n > 0, there exists a K, such that

P(lv; —v*| > K,) <n foral k > M,.

REMARK 3.3. In what follows, we work with the sequence {v;, ,, —v*}. Thus all
the interpolations etc. should be defined for the indices k + M, etc. Nevertheless,
for notational simplicity, we shall still write v} throughout.

Define a piecewise constant interpolation of v} as
vi(t) = v for t € [ek, e(k + 1)).
In view of 3.3, what we are really working with is
VE(t) = vy, for t € letk + M), ek + M) + ¢).

Nevertheless, the notation without M, is much simpler as can be seen in what
follows.

3.3. DIFFUSION LIMIT
Note that £(v*) = 0. Using (2.4) with ¢ = 1, define

H = (3/9v)(F(v")E,(v%)), and v} = v —v™. (3.19)
We linearize the recursion about v*. It leads to

Vg1 =V — eHU} + c{ D(V*) + c{[D(v}) — D]+ b o (v* )W}
+ B[P (W) — PHIWS + 0(e)O (IT}1),

where the last term comes from the remainder in the Taylor expansion. Using the
definition (3.18), the above equation can be written as

n
Vi1 = Hvy

_— '”(8(k+1)+A0)vn_8 In(e(k + 1) + Ap)
In(ek + Ag)  * In(ek + Ao)

e \/In(s(k—l—l) + A0

* JIn(ek + Agp) In(ek + Ag)

In(e(k + 1) + Ap) I
+@\/ ek Ao WOV

e \/In(s(k D+ o) )

* JIn(ek 4+ Ap) In(ek + Ag)
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In(e(k + 1) + Ap) " U
+\/%\/ ek T A (D)) — DW*)]W]

\/In(s(k DA 10 (st (3.20)

In(ek + Ao)

To carry out the analysis, use a truncation device (Kushner and Yin, 1997, p.
248). That is, for an arbitrary N > 0, denote Sy = {x; |x| < N} and let v®"(-) be
the process that is equal to v¢(-) up until the first exit from Sy and that

lim limsup P(sup [v&" (r)| > K) =0, foreach T < oo and N < oo.

K—o00o .0 t<T
Let a truncation function gy (-) be defined as

1, IxI<N,

N () = [o, x| > N +1.

In lieu of (3.20), we work with a truncated process. The corresponding recursion
is given by

N |”(8(k+1)+Ao)vn,N_8 In(s(k+1)+Ao)an,N
k17 In(ek + Ag)  * In(ek + Ao) k

D(v™)

n € In(e(k +1) + Ao)
JIn(ek + Ap) In(ek + Ao)

Inetk+1)+A0) _ . 0n
+¢2_s\/ ek Ao WOV

| k+1 A
i \/ NE® D+ 40) 5y mdy _ pwtylgn Ny

* JIn(ek + Ap) In(ek + Ao)

In(S(k + 1) + AO) n,N * n,N n
+¢2_8\/ NGk T A [D(v ) — PH)]gn (v )Wy

\/In(s(k +1) + Ag)

n,N n,N
ek + A9 &0 ('”k |> an(g™). (3.21)

In the above, we have also used the truncation v"" for v/

REMARK 3.4. Note that for each N, {v""'} and {v}""} are uniformly bounded.
That is, the bound may depend on N, but it is independent of k. This fact will be
used crucially in what follows.
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Our plan is: We first establish the tightness of {v®"(-)}. Then we work with
{v&N ()}, and derive its weak convergence. Finally, we let N — oo to conclude the
proof.

3.3.1. Tightness of {v:-V(-)}

Note that v®V () is in D"[0, co). We state a theorem that gives the tightness of this
sequence of functions.

THEOREM 3.5. Assume the conditions of Corollary 3.2 hold. Then {v&¥(.)} is
tightin D"[0, c0).

Proof. We use the tightness criteria due to Kurtz (see Ethier and Kurtz (1986,
p.137), and Kushner (1984, p.47) to obtain the desired result. Use E? and E} to
denote the conditional expectations with respect to the o-algebras generated by
eV W), u < tyand (", W, j <k}, respectively.

Note that
In(e(k +1) + Ag) —140 In(1+ ¢/(ek + Ap)) ' (3.22)
In(ek 4+ Ap) In(ek + Ag)
Thus (3.21) can be written as
n,N _ nN H n,N € D" \/2_(1) Y/
Vir1 =Vx eHvy, +—|n(sk+Ao) W) + V2P ()W,
€ n,N * n,N
— [D(,)—D ’
+ her T Ao)[ (™) W)]Ign (v )
+ V2e[@ W) — D ()Igy (v W
+0(s)0 <|u,’j’N|) av ) + e, (3.23)

Comparing (3.20) with (3.23), we see that ¢, collects all terms involving

o (In (1+e/(ek+ Ao)))
In(sk + Ap)

due to the expansion (3.22) so it is asymptotically unimportant in the sense that

L(t+s)/e]-1
> e; — 0 in probability uniformly in . (3.24)
Jj=lt/e]

In the above, |z denotes the integer part of z € R. However, for simplicity, in what
follows, we will not use the |- | notation.
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Using (3.23) and the interpolation,

(t+s)/e—1 (t+s)/e—1 e
v+ vV =— > HIV 4+ Y —————D("
] O
= = JIn(ej + Aog)
(t+s)/e—1 (t+s)/e—1
+V2e Y Wi+ Y 0(8)0(|U?’N|>qN(v?’N)
j=t/e j=t/e
(t+s)/e—1 .
+ e ———— D Ul?’N —D U>k U(l’N
Z e (200 — DOOlan ()
j=t/e
(t+s)/e—1 (t+s)/e—1
+v2e Y [0 - o) lgy W+ Y ey (3.25)
j=t/e j=t/e

Since the last term above goes to O in probability by virtue of (3.24), we shall
disregard it in what follows and concentrate on the rest of the terms only.
By virtue of the boundedness of v;?’N , for s sufficiently small,

(t+s)/e—1 2 (t+s)/e—1(t+s)/e—1
N N
E; |e Z HY <6 Z Z Ef|HP )P
j=t/e j=t/e  k=t/e
2
t+s t
<K< ——) e = Ks®> < K.
€ €
Similarly,
(t+s)/e—1 e 2
Ef ——[(DO""Y) - D* V"N < K,
: Z e L)) — DOlan0f ) <
j=t/e
and
(t+s)/e—1 2
N N
ELL Y 0@0 (W) av o)™ < Ks.
j=t/e

Since there is nothing random in the second term on the right-hand side of (3.25),

(t+s)/e—1 e 2
Y. =——=D0"| <Ks.
5. VInej + Ao)

By virtue of the independence of W,

(t+s)/e—1 2 (t+s)/e—1
Ef |[W2e Y o@HW}| <Ke Y |®WHPEW!TW] < Ks,

j=t/e j=t/e
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and similarly,

(t+s)/e—1
Ef [V2e ) [0 — @ @hHlan (v W]
j=t/e
(t+s)/e—1
n,t n
< Ks Z EW!™W" < Ks.
j=t/e

Consequently, combining the estimates obtained thus far,
ES vV (2 4 5) — "N (0)]° < K.
Therefore, for any § > 0 (recall that 0 < s < §),

8Iin(1) limsup E[E} |[vo"N (t +5) — UE’N(t)|2] —0.
- e—0

The tightness of {v®" (-)} is proved. O

3.3.2. Weak convergence of v=V ()

We begin with some preliminary calculations. First let us state a lemma, which
picks out the effective terms and discards the asymptotically unimportant terms in
(3.25).

LEMMA 3.6. Under the conditions of Theorem 3.5,

(t+s)/e—1
VNt 4+5) — vV = —¢ Z Hv;”N
j=t/e
(t+s)/e—1 e
+ Y. ——=—=D0"
= JInGEj + Ag)
(t+s)/e—1
* n
+ /2¢ Z DWW + o),

j=t/e

(3.26)

where o(1) — 0 in probability uniformlyint ase — 0.

REMARK 3.7. In view of the lemma, we need only concentrate on the first three
terms in (3.26). The rest of the terms in (3.25) are of higher order and can be
dropped in the asymptotic analysis.



344 G. YIN AND P. KELLY

Proof. We need only show that the last four terms in (3.25) are asymptotically
unimportant. First, by the continuity and the boundedness of f'(-), D(-) is bounded
and continuous, so

(t+s)/e—1 .
E — DY) = DO* pN
J_X/j e L) — DOlan ()

(t+s)/e—1(t+s)/e—1

€
N Z Z JIn(ej + Ag)/In(ek + Ag)

j=t/e k=t/e

1 n * n, 1 n, * n,
x EZ|[D@}™Y) = DH)gn VM PEZ D) = D@H)]gy (v ™)
— 0 ase — 0.

By the continuity and the boundedness of f(-), ®(-) is bounded and continuous.
Owing to the independence of {W}},

(t+s)/e—1
ENZe Y [0@™) - o@h)lgy )W
j=t/e
(t+s)/e—1
< 2 Z E|<I>(v;7’N) - q)(v*)lz(QN(V?’N))ZE?|WJ"1|2
Jj=t/e
— 0 ase — 0.
Moreover,

(t+s)/e—1
E| Y o@0i gy (i)
j=t/e

(t+s)/e—1 (t+s)/e—1

1 1
< D) oE@OE gy MPEI Y gy ()P
j=t/e k=t/e
— 0 ase — 0.

The lemma is thus proved. a
Next, we state another lemma that gives a functional central limit theorem. It is a
variant of the Donsker’s invariance theorem.

LEMMA 3.8. Define

t/e—1

w'(t) =ve Yy W
j=0

Then we(-) converges weakly to a standard Brownian motion w(-).
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Proof. This follows from a standard argument. See Chapter 10.6 of Kushner and
Yin (1997). We omit the details here. O

REMARK 3.9. In view of the familiar Slutsky theorem, v/2® (v*)w® (¢) converges
weakly to a Brownian motion +/2® (v*)w(-) such that the covariance of the limit
Brownian motion is 2® (v*)®* (v*)z. It follows from 3.8,

(t+s)/e—1
V2e Y @@Y)W! converges weakly to f¢(v*)/ dw ().

Jj=t/e

To proceed, choose a sequence m, such that m, — oo but §, = em, — 0 as
¢ — 0. Rewrite the first term on the right-hand side of (3.26) as

(t+s)/e—1 t+s Img+me—1
n, N

e Y HN == b Y HupY

j=t/e 15e=t j=lmg
t+s Img+me—1

n,N n,N
— E 8 — E Hv;™ =, 1 (3.27)

1§.=t Jj=Ilmg

Using the techniques in Chapter 8 of Kushner and Yin (1997), it can be shown
that the first term on the second line of (3.27) converges to

t+s
— / Hv"Y (u)du,
t

whereas the second term goes to 0 in probability uniformly in 7. Similarly, it can
be shown that the term on the second line of (3.26) has the limit

t+s
/ (1//In(u + Ag))D(v*)du.

We summarize this into the following theorem.

THEOREM 3.10. In addition to the conditions of Theorem 3.5, assume that —
defined in (3.19) is a stable matrix. Then v&V (-) converges weakly to vV (-) that is
the solution of the stochastic differential equation

dvN = (—HUN + dt + V2®(v*)dw.

1 ,
mD(v ))
3.3.3. TheLimit v(-)

In the previous section, we have treated v®¥ (-), a truncated process of v (-). In this
section, we obtain the convergence of the original process v*(-) by letting N — oo.
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The argument here is similar to that of Corollary to Theorem 3.2 of Kushner (1984).
Let P,)(-) and PV (-) be the measures induced by v(:) and v" (), respectively.
Since the differential equation (3.28) is linear, it has a unique solution for each
initial condition, so the measure P, )(-) is unique. Foreach ' < oo, P, (-) agrees
with PV (-) on all Borel subsets of the set of paths in D"[0, co) whose values are
in Sy for r < T. Note that

Py (SUPIU(I)I < N) —1asN — oo.

t<T

This together with the weak convergence of v&¥ (-) to vV (-) yields that v¢(-) con-
verges weakly to v(-). We thus have:

THEOREM 3.11. Under the conditions of Theorem 3.10, v (-) converges weakly
to v(-) that is the solution of the stochastic differential equation

dv = <—Hv + dt + 20w )dw, (3.28)

1 *
JIn(@ + AO)D(U )>
where H isgiven by (3.19).

REMARK 3.12. Note that the stationary covariance of the diffusion given by
(3.28) is

Y= 2/00 exp (—Ht) ®(w*)P* (v*) exp (—Ht) dt.
0

The stability of —H implies that the integral above is well defined. Thus loosely
vl — v* is asymptotically normally distributed with mean zero and covariance
(1/In(sk 4+ Ag)) X (see also Chapter 10 of Kushner and Yin, 1997, for related dis-
cussion on stochastic approximation algorithms). The scaling factor together with
the stationary covariance of the diffusion (3.28) gives us the rate of convergence
result.

4, Modifications and extensions

This section considers several extensions of the rates of convergence obtained.
First, we look at the case that the energy function is defined on the hypercube.
Next, we examine decreasing step-size algorithms with proper scaling. Finally, we
consider algorithms involving additional sources of noise.

4.1. ALGORITHMS WITH &£(-) DEFINED ON [0, 1]

Consider the same algorithm (2.1), but make the modifications that £ is defined
on [0, 1]" and that {W}'} is a sequence of bounded random variables. Then the
convergence can still be obtained, and the rate of convergence remains to be the
same as derived in the last theorem.
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THEOREM 4.1. Under the conditions of Theorem 3.11 with the modification that
E() 0,11 — R, that v* € (0, 1)", that {W]} is bounded with probability 1, that
f(@O) = f(1) = 0, and that D"[0, 1] replaces D"[0, oo), then the conclusion of
Theorem 3.11 continues to hold.

Since the proof is similar to that of Theorem 3.11, we omit the details. The
assumption f(0) = f(1) = 0 guarantees that the limit diffusion v(-) (that is the
limit of the interpolation of v}) is stationary; see Wong (1991). We also require v*
in the interior of the hypercube. This is mainly for the rate of convergence analysis.
As was proved in Yin et al. (2000), we can ensure that all the iterates belong to
[0, 17". Since [0, 1]" is compact, by virtue of (A1), f(-), f'(-), and (3/3v,)E (")
are all bounded uniformly on [0, 1]". It turns out that for ¢ sufficiently small, if
v € [0, 1], then v/, € [0, 1].

REMARK 4.2. In the image estimation problems that we are interested in, we
often choose

1 1
g(u) = -+ —arctanu
2 7w
1
f() = =cos?r(v—0.5)
T

and choose £(v) to be a quadratic function. Then the conditions posed are all
satisfied.

4.2. DECREASING STEP-SIZE ALGORITHMS

First consider a decreasing step-size algorithm of the form

vy =0 —a F(vHE, (v
+ ' D) + b PwHW,", (4.2)

where
al' =1/(n+ k)Y,

b = ¢2am+k/[\/ In((€ +k)1r — )7 + Ap)], (4.2)
" =a"/In[(in + k)7 — )" + Agl,

with Ag > 1and 1/2 < y < 1. Again, let us fix ¢ = 1. In this case, we define

v = v/In(k=r + Ag)[v} — v*], (4.3)



348 G. YIN AND P. KELLY

and

k

A
= ,
=2 (i +n)r

i=1
m(t) = max{k; t; <t},

V(1) = vl for ¢ € [, tug1),
V() =00t + ).
THEOREM 4.3. Under the conditions of Theorem 3.11 with the decreasing step

sizes given by (4.2), the conclusion of Theorem 3.11 continues to hold with v (-)
replaced by 7% (-)

REMARK 4.4, We can obtain another decreasing step-size algorithm (4.1) by
changing the step sizes given in (4.2) to
al' =1/(un +k),

B = \2au /[y INING + Ag)], (44)
c =ay/Inin(k 4 Ap).

In this case (with ¢ = 1), define

£
=2 G (4.5)

i=1
vt =InIntk + Ag)[vy — v*].

Then the desired result still holds.

4.3. NOISY MEASUREMENTS

In applications, additional noise other than the added disturbance {W,"} frequently
arises. Such random errors may be due to digitization or noisy observations or
a combination of these. Let the additional noise be denoted by &". Then the al-
gorithm can be modified accordingly as follows:

v][{lz-l — Ult{l‘l _ alt{l‘lF(Ult{I‘l)(C/'v(Ult{l‘l) + alt{l‘l lén + C]LCHD(UI[{"L) + b]ian(U;{n)Wm, (4.6)

where {a;"}, {b"} and {c,"} are either decreasing step-size sequences or constant
step-size sequences defined previously. In Yin et al. (2000), we have established
the convergence of the algorithm under additional contributing noise. Using the
methods developed in this work, we can obtain the rates of convergence of such
algorithms. The analysis is similar, and the result is given as follows. Again, for
simplicity, we take ¢« = 1.
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THEOREM 4.5. For the constant-step algorithm with step-size sequence given by

(2.2) (resp. the decreasing-step algorithm with step size (4.2)), in addition to the

assumptions of Theorem 3.11 (resp. Theorem 4.3), assume that {£;'} isa stationary

@-mixing process independent of { W;'} such that

(@) E& =0, E|g” < oo;

(b) there exists a sequence of nonnegative real numbers {o,} such that for each
k=j,

EY\E;&! — E&') < pr—j, and Y py < o0,
k

where E,, denotes the conditioning on the o -algebra 7, generated by {vg, &,
W, i < mj}.

Then the conclusions of Theorem 3.11 (resp. Theorem 4.3) continue to hold.

REMARK 4.6. Roughly, the mixing condition requires {7, j </} and {¢§}, j >
[+k} be independent as k — oo. For definition and discussion of mixing processes,
see Ethier and Kurtz (1986, p. 345). It is well known that a stationary ¢-mixing
process is ergodic. Thus, the condition for the noise {£'} implies that

1k+m—1
P > E.&} — 0in probability.

j=m

Thus the condition needed for convergence in Yin et al. (2000) is verified. As
observed in Yin (1999), this observation noise contributes nothing to the limit
stochastic differential equation in the rate of convergence analysis. Thus the most
important scaling factor comes from the step of the perturbing noise term not from
the noisy observation or measurements.

5. Applicationsto image processing

In principle, a diffusion network can be used to solve any optimization problem
put in the form of minimization of an energy function over [0, 1]". Since the net-
work performs parallel computations, it is potentially most useful for large-scale
problems involving many variables. Examples of such problems arise in image
estimation, including segmentation (i.e., a partition of an image into a small num-
ber of classes) and restoration (i.e., recovery of (continuous-valued) image data
from corrupted observations). It is noted in Manjunath et al. (1990) that for images
using Markov Random Field (MRF) models, segmentation can be accomplished
by minimizing an appropriate function (a Gibbs distribution energy function) over
the discrete set {0, 1}". In Yin et al. (2000), we used ideas similar to those in
Manjunath et al. (1990) to develop diffusion networks (operating over [0, 1]")
for performing image segmentation and restoration. The examples in Yin et al.
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(2000) used networks having a fixed step size (without a periodic restart). The
fixed step-size results in Section 3 of this paper indicate that a larger step leads to
faster convergence (because of the scaling factor in Remark 3.12), but of course,
a larger step also leads to a greater approximation error. The results of Section
4.2 indicate that, when following the decreasing step-size schedule of (4.2), there
is a slower convergence rate for large k (i.e., when k=7 < &k), but one would
also expect eventually to achieve less approximation error than for fixed step sizes.
These tradeoffs suggest that both rapid convergence and small approximation error
could be obtained by using initially large but decreasing step sizes combined with
a periodic restart. In this section we first compare fixed and decreasing step sizes
for segmentation of a noisy two-region image, with test results showing faster con-
vergence to a better result in the case of decreasing step sizes with periodic restart.
We then consider a problem of joint segmentation and restoration of a blurred (for
a precise definition of blur, see Section 5.2 of this paper, in particular (5.2)) and
noisy image, with test results showing slightly better performance for decreasing
step sizes than for fixed steps.

5.1. SEGMENTATION OF A NOISY TWO-REGION IMAGES

We first define an image model as in Yin et al. (2000). Let €2 denote the K x L
lattice of pixels on which images are defined, and let the pixels be indexed by
¢ =1,...,KL. Suppose that the desired image consists of M constant-intensity
regions. Let {u,, : m = 1, ..., M} denote the set of region intensities. We define
X ={X®:¢=1,...,KL}to be the field of region labels. That is, each X (¢)
takes a value in the set {1, ..., M}; and if X(¢) = x(£), then the mean intensity
at pixel £ is ., . To impose on the model the spatial continuity inherent in image
regions, we assume that X has a Gibbs distribution in the form

P(X = x) o exp (Z{Vc(x(m) ‘m € c)})
ceC

where cisasubset of {1, ..., KL} called a clique; C is the collection of all cliques;

and V.(-) is some function of x restricted to c. Let n, = {m : m is in a clique with £}

(ne is called the neighborhood of ¢). (For example, a commonly-used image model

is

KL
P(X = x) x exp [—2,3 DY I —s(xe) - x(m))]}
=1 meny
where B is a positive constant, n, is the set of four or eight pixels nearest to ¢, and
8(-) is the Kronecker delta function.)
Suppose that the image is observed in additive white Gaussian noise. That is,
the observed image Y is defined by

YU)=uxey+N®¥), £=1,...,KL,
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where N = {N ()} is a field of i.i.d. Gaussian random variables, each having
mean zero and variance o2, We assume that X and N are independent. The desired
segmentation estimate is the maximum a posteriori (MAP) estimate of X, given an
observed image Y = y; that is,

X =argmax{P(X =x | Y = y)}

=arg mgx{log(P(Y =y| X =ux))+log(P(X = x))}.

It is shown in Yin et al. (2000) that the MAP segmentation can be accomplished
through use of a diffusion network having energy function

1 KL KL
EW) =55 (8O, v+ B Y [v(0) —vom)l?
o =1 =1 meng
o (5.1)
+ ) (), u—v(®) + (L= (), u))’}
=1

where for each pixel ¢,

gO) =@ —p1)%, ..., ((@®) — par)’]” and
v(0) = [v1(0), ..., vm (O],

with v(£) = e, (the m"" unit vector in R™) if x(¢) = m; and where A is a ‘large
enough’ constant that the minimum of (5.1) over ([0, 1]¥)XL occurs at a point in
the set {eq, ... , ey } XL,

A diffusion network having the energy function (5.1) was implemented in MAT-
LAB. In the implementation, the {W,, ,} sequences in (2.1) were taken to be inde-
pendent Bernoulli random variables. The function f(-) was set to have the form
given in 4.2. In the energy function defined by (5.1), we set 8 = 0.3, let », consist
of the eight nearest neighbors to pixel ¢, and set > = 4.5 (the largest A value used
in the tests in Yin et al. (2000)). For our test image, we set K = L = 128, M = 2,
{1, o} = {1, 2}, and o = 2. Figure 1 shows the true image x on the left and the
observed image y on the right. For this case, a maximum likelihood estimator of
region labels would have an error rate of approximately 41%.

For the first test, we used the fixed step size algorithm defined by (2.2) (with ¢
fixed at 0 and Ag = 10). Using the step size bound given in Yin et al. (2000), we set
¢ = 0.02. The network was run for 15000 iterations (starting from a randomized
v(-))kat the end of which each v(£) was set to the nearest element of {e, ... , ey},
and X (¢) was set to j if v(£) = e;. The resulting segmentation is shown in Figure
2(a). The pixel error rate in this segmentation is 7.97%. (It might be noted that
Dowell (1999) compared the performance of standard sequential implementations
of simulated annealing (having in verse linear temperature schedules) and fixed
step-size diffusion networks applied to the segmentation of two-region images like
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(a) (b)

Figure 1. (a) True image; (b) Noisy observed image.

(a) (b)

Figure 2. (a) Segmentation with fixed step size; (b) Segmentation with decreasing step size
and periodic restart.

our test image. In every case, the pixel error rates for the two approaches were
similar (with differences generally equal to a fraction of 1%).)

We then tested a decreasing step size algorithm with periodic restart on the same
image, using coefficients defined as in (4.2) with Ag = 10, n = 5000, and y = .55.
(To ensure that iterates remained in the hypercube, the a;" of (4.2) was replaced by
min{.02, 1/(tn + k)*}). Again the network was run for a total of 15000 iterations.
The resulting segmentation is shown in Figure 2(b). The pixel error rate in this
segmentation is 6.49%.

Figure 3 is a plot of the pixel error rates vs. iteration number for the two cases,
showing faster convergence with lower final error for the case of decreasing step
size with periodic restart.
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Figure 3. Comparison of pixel error rates.

0 1

5.2. RESTORATION AND SEGMENTATION OF A BLURRED AND NOISY IMAGE

In many applications, the observed image is corrupted by both noise and blur. That
is, if the true underlying image is G, then the observed image is

Y=hxG+N, (5.2)

where A (-) is a spatially-invariant blurring filter due, for example, to the imaging
system’s point-spread function; the “«’ denotes convolution; and N is a noise term
(e.g., see Hokland and Kelly (1996)). It is desired to find an estimate of G, given
an observation Y = y; i.e., to perform image restoration. A complicating factor
is that G is usually nonstationary. For example, in medical ultrasound imaging,
G is a diffuse scattering field that can be modelled as independent mean-zero
Gaussian random variables having different variances in different tissue regions
Hokland and Kelly (1996). As shown in that reference, good estimation results can
be obtained for such images by combining restoration and segmentation; that is, by
performing segmentation to identify the regions and accounting for the differing
variances in different regions during the restoration. In this section, we define and
test a diffusion network for restoring and segmenting an image having a model like
that used for medical ultrasound images.

Again let X be a two-region field as in Section 5.1. When the region field
realization is x, we let the true underlying image be given by G(£) = o.(¢)N,(£)
at each pixel ¢, where {02, 02} are the scatterer variances in the two regions and
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N, is a white Gaussian noise field, independent of X and having mean zero and
unit variance at each pixel. (For simplicity, we do not include the specular scat-
tering term used in the model in Hokland and Kelly (1996).) We assume that the
observed image is obtained by convolving the true image with a blurring filter and
by adding noise N. We further assume that N is also a white Gaussian noise with
mean zero and variance o2 at each pixel, and that N is independent of X and N,.
From this model, it follows that to find the joint MAP estimates of G and X (i.e.,
joint restoration and segmentation) from an observation y, we need to minimize
the energy function

KL 1 1
Ux,8) =Y (=z(0)% + (o) + g(0)?
; 201%, © 20){2“)
+2B ) 11— 8(x(0) — x(m)]} (5.3)

meng

where z(£) = y(£) — Y h(€ —m)g(m).

To put this in a form suitable for minimization with a diffusion network, define
a vector v(£) = [v1(£), v2(£)]" for each pixel £. We use vy (-) to represent g(-), as
follows. Assume that o, > o7 and that a N (0, o) random variable is effectively
confined to the range +4o. Then set v, (¢) = %‘*4"2 We let v,(-) govern seg-
mentation by setting v,(¢) = x(£) — 1 (S0, each v,(¥) is either 0 or 1). Then, with
the addition of a constraint term that forces minimization to occur only where each
vo(£) is either O or 1, the diffusion network energy function is

KL
1
E() = E {=y() — 4o, E h(€ —m) vy (m) — DJ?
(=1 m

oy
+ [2(0) In(r) + 1621 (£) — 1)?(r® — v2(€) (r2 — 1))]
+4B D (02(8) — va(m))? + Ava(O)[1 — v2(€)))}. (5.4)

meng

where r = 0, /07.

To test the network performance, we used the same two-region image x as in
Section 5.1, and set o7 = 1 and o, = 4. The resulting diffuse scatterer image
g is shown in Figure 4(a). This image was blurred with a 2D filter correspond-
ing to a point spread function having value 0.7547 at (0, 0); 0.3396 at (0, 1) and
(1,0); 0.2642 at (0, —1) and (=1, 0); and 0 elsewhere. Gaussian white noise with
oy = 0.25 was then added to the blurred image to give the observed image shown
in Figure 4(b). The observation was input to a fixed step size diffusion network with
energy function (5.4). We again set 8 = 0.3, A = 4.5, and Ay = 10. The step size
bound derived in Yin et al. (2000) depends on the maximum energy function gradi-
ent. In this problem, the gradient components corresponding to v; have much larger
magnitudes than those corresponding to v,. We found that it was most effective to
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use two different step sizes: e; = 0.00001 for components of v; and &, = 0.005
for components of v,. The network was run for 12000 iterations (starting with a
randomized v,(-) and with v;(-) derived from setting g() = y(-)). At the end of
the run, the restored image was Aformed by setting G(£) = 40,(2v1(£) — 1) and
the segmented image by setting X (¢) = 1 + {edge value (0 or 1) nearest to v, (¢)}.
Figure 4(c) shows the restored image G. As a measure of restoration efficacy we
use mean-squared error (MSE) improvement, defined as 10 log,,(MSEq/MSE ;)
dB, where

1 KL
MSEp = —— EW) — g(0)]%, and

1 KL R
MSE, = —— Y IG®) - g0 (5.5)
=1

For the restoration in Figure 4(c) the MSE improvement is 6.31 dB.

For comparison, we also ran a network with a decreasing step size for the v,
components, set as min{.005, 1/k°®} (since the step size for v; components must
already be very small to keep the iterates in the hypercube, we left it fixed). Figure
4(d) shows the resulting restoration, which has a MSE improvement of 6.45 dB.

Finally, Figure 5(a) shows the segmentation estimate for fixed step size (having
a pixel error rate of 2.15%), while Figure 5(b) shows the segmentation estimate
with the decreasing v, step sizes (having a pixel error rate of 2.09%).

6. Conclusion

This paper has been devoted to rates of convergence of a class of recursive al-
gorithms for global optimization. As demonstrated, the algorithms are useful for
many image estimation problems. In Yin (1999), we have studied rates of conver-
gence of Monte-Carlo version of simulated annealing algorithms. In that paper,
the rates of convergence is considered for decreasing step-size sequences. The
techniques used in the current paper can be adopted to treat simulated annealing al-
gorithms with constant step size. In this paper, the gradient is assumed to be known
from digital diffusion network aspects. A Monte Carlo version of the algorithm us-
ing a gradient estimator can be constructed and studied. In Lecuyer and Yin (1998),
convergence rate results are derived for a stochastic optimization problem where
the gradient estimator of the performance measure is available and both the bias
and the variance of the estimator depend on the budget devoted to the computation.
This idea may be utilized to study the convergence speed of the global optimization
algorithm in conjunction with the computational budget. In various applications,
one often needs to use projection algorithms or deals with constraints. The result-
ing recursive algorithms are of constrained type as well. Reference Kushner and
Yin (1997) provides extensive discussion on constrained algorithms for stochastic
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(a) (b)

() (d)

Figure 4. (a) Diffuse scattering field; (b) Noisy and blurred observation; (c) Restoration with
fixed step sizes; (d) Restoration with decreasing segmentation step sizes.

(@ (b)

Figure 5. (a) Segmentation with fixed step sizes; (b) Segmentation with decreasing segment-
ation step sizes.
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approximation and optimization algorithms with noisy measurements without the
perturbing noise W;'. The techniques and ideas can be adopted to study the global
optimization algorithms that we are considering. The rate of convergence result ob-
tained in this paper is in the spirit of asymptotic normality. Alternatively, one may
use large deviations methods to obtain large deviations lower and upper bounds. A
challenging problem that is of foremost importance is to improve the convergence
rate. One of the ideas points in the direction of using Cauchy-type perturbing noise
(without finite moments). However, this requires much more in-depth study and
understanding.
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